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Abstract
The stochastic vacuum model description of a heavy meson is discussed
in the context of a gauge-invariant approach where Wilson loop expectation
values appear naturally in the O(v2) spin-orbit Hamiltonian. These expec-
tation values have been derived elsewhere, however by a procedure whose
legitimacy is now placed in question. Here they are derived by standard func-
tional methods with a result that is identical to the previous one. In addition,
a full spin-independent Hamiltonian reduction to O(v2) is carried out.
1 introduction
It was the work of Leutwyler and Voloshin some years ago in the context of the
sum rule formalism that first suggested the fundamental nonlocality of nonpertur-
bative interactions between hadronic quarks [1]. Leading effects were later shown
proportional to a gluon condensate [2] thereby excluding the possibility of a purely
local description. In a separate line of development Wilson’s lattice work [3] led to
the well-known area law as a qualitative formulation of color confinement. There,
gauge invariance of the hadronic state is the guiding principle. There too what is
fundamental is the presence of a nonlocal operator - the Wilson loop.
In the stochastic vacuum model (svm) of Dosch and Simonov [4] we find these
salient features mutually complementary, where area law asymptotics follow from a
non-zero gluon condensate. Active gluon degrees via the field’s correlation length
measured against QQ¯ correlations also come into the picture; this in such a way
that the model also accounts for intermediate as well as short-range perturbative
behavior.
The aim of the present article is to describe the reduction of the svm to an
effective O(v2) spin-orbit interaction Hamiltonian for the heavy QQ¯ state. In fact,
a general reduction in terms of Wilson loop expectation values (ev) has already
been made [5], thus leaving as the main focus of this study only the ev derivations
themselves. The ev too have been derived [6, 7, 8, 9, 10], however by a procedure
whose legitimacy is here placed in question: From the functional variation of the
Wilson-loop
δı lnW =
∫
δσµν(z1)〈〈Fµν(z1)〉〉 (1)
is presumed the functional derivative relation
δ
δσµν(z1)
i lnW = 〈〈Fµν(z1)〉〉 (2)
resulting in a spin-orbit interaction that e.g. satisfies the Gromes relation.
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We argue that procedure (1) → (2) lacks legitimacy by virtue of insufficient
degrees of freedom characterizing the variational area element δσµν . In section 2 the
familiar svm spin-orbit Hamiltonian is derived along the usual lines from assumption
(1) → (2). We then demonstrate the general invalidity of the assumption and show
that when omitted it leaves the Hamiltonian insufficiently specified. Additional
constraints are derived in section 3 where the model statement itself is expanded to
O(m−2) and velocity coefficients matched term by term. This procedure leads again
to the familiar svm spin-orbit Hamiltonian; I.e, our spin-orbit result agrees with the
one derived from (2), although, as we point out, generally applied (2) may lead to
incorrect results [11]. Finally, we lay out details of a full reduction to the O(m−2)
spin-independent Hamiltonian.
2 functional variation and the svm
From a Foldy-Wouthysen reduction of the gauge invariant QQ¯ 4-point function the
O(m−2) interaction Hamiltonian of [5] is given in terms of the Wilson loop
V = Vso + Vsi
Vso =
2∑
i=1
(−1)i
1
2mi
ǫjµνks
j
i z˙
µ
i 〈〈F
νk(zi)〉〉
≡
(
1
2m21
L1 · s1 −
1
2m22
L2 · s2
)
[V0(r) + 2V1(r)]
′/r
+
1
m1m2
(L1 · s2 − L2 · s1)V
′
2
(r)/r (3)
∫
dtVsi = i lnW = i ln
1
3
〈trP exp(ig
∮
dt(A0 − z˙
iAi))〉
where Darwin and hyperfine terms, not relevant to the present discussion, are omit-
ted. Key to this approach therefore is the evaluation of the six independent expec-
tation values 〈〈Fµν〉〉. The defining Euclidean svm statement in the present context
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is [6]
lnW = −
β
2
∫
dσµν(u)
∫
dσλρ(v)
{
(δµλδνρ − δµρδνλ)D(w
2) (4)
1
2
[
∂
∂uµ
(wλδνρ − wρδνλ) +
∂
∂uν
(wρδµλ − wλδµρ)
]
D1(w
2)
}
, w ≡ u− v
where the integrals are evaluated over instantaneous straight-line surfaces: (ui =
sz1i + (1− s)z2i, u4 = t), 0 ≤ s ≤ 1, with dσµν(u) ≡ dtds(∂uµ/dt)(∂uν/ds). β is the
gluon condensate, and D and D1 are gluon correlation functions that fall off rapidly.
From the quark world-line variation, δz1µ, of the Wilson loop
δı lnW =
∫
δσµν(z1)〈〈Fµν(z1)〉〉 (5)
= −iβ
∫
δσµν(z1)
∫
dσλρ(v)
{
(δµλδνρ − δµρδνλ)D(w˜
2)
1
2
[
∂
∂z1µ
(w˜λδνρ − w˜ρδνλ) +
∂
∂z1ν
(w˜ρδµλ − w˜λδµρ)
]
D1(w˜
2)
}
, w˜ ≡ z1 − v
is proposed in references [6, 7, 8] the following the functional relation
δ
δσµν(z1)
i lnW = 〈〈Fµν(z1)〉〉 (6)
where δσµν ≡ (dzµδzν − dzνδzµ)/2 is called the variational area element. From this
follows
〈〈F0l(z1)〉〉 = βrl
∫
dτ
{∫ r
0
dλ
1
r
D(τ 2 + λ2) +
1
2
D1(τ
2 + r2)
}
(7)
〈〈Fil(z1)〉〉 = β(z˙1lri − z˙1irl)
∫
dτ
∫ r
0
dλ
1
r
(
1−
λ
r
)
D(τ 2 + λ2)
+β(z˙2lri − z˙2irl)
∫
dτ
{∫ r
0
dλ
λ
r2
D(τ 2 + λ2) +
1
2
D1(τ
2 + r2)
}
yielding spin-orbit potentials
V ′
0
(r) = β
∫
dτ
[∫ r
0
dλD(τ 2 + λ2) +
r
2
D1(τ
2 + r2)
]
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V ′
1
(r) = −β
∫
dτ
∫ r
0
dλ
(
1−
λ
r
)
D(τ 2 + λ2) (8)
V ′
2
(r) = β
∫
dτ
[∫ r
0
dλ
λ
r
D(τ 2 + λ2) +
r
2
D1(τ
2 + r2)
]
which together e.g. satisfy the relation of Gromes [12]
[V0 + V1 − V2]
′ = 0. (9)
We show here that variational derivative (6) does indeed not follow from variation
(5). One should notice that in passing from (5) to (6), (1) to (2), is the assumption
that there are in the variational area element at least six quark and six antiquark
coordinate degrees of freedom - an assumption clearly in error.
The Wilson loop is a functional of quark and antiquark world lines. With this
in mind we rewrite the rhs of (5)
∫
dtδz1ν z˙1µ〈〈Fµν(z1)〉〉 =
∫
dtδz1ν z˙1µΘµν (10)
where
Θµν ≡ −iβ
∫
dσλρ(v)
{
(δµλδνρ − δµρδνλ)D(w˜
2)
1
2
[
∂
∂uµ
(w˜λδνρ − w˜ρδνλ) +
∂
∂uν
(w˜ρδµλ − w˜λδµρ)
]
D1(w˜
2)
}
.
From this we should like to extract the six element {〈〈F µν〉〉} for determination of
the Hamiltonian (3). The set appears in (3) as the linearly transformed
{δijδµν z˙1µ〈〈Fνj(z1)〉〉, ǫijµν z˙1µ〈〈Fνj(z1)〉〉} (11)
- a set of vectors spanning the space of field tensor elements. The first subset
accounts for spin independent Vsi, by Stokes theorem, and the second for spin de-
pendent Vso directly. It should be clear that the first subset appears in (5). Hence in-
dependence of Vso with respect to variation (5) follows from the linear independence
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of vectors in the complete set (11). The independence is immediately established
from the nonsingularity of the set’s coefficient matrix
det


1 0 0 −z˙2 −z˙3 0
0 1 0 z˙1 0 −z˙3
0 0 1 0 z˙1 z˙2
−z˙2 z˙1 0 2 0 0
−z˙3 0 z˙1 0 2 0
0 −z˙3 z˙2 0 0 2


∼ (2− z˙2)2
where the vectors have been arranged by row with field tensor elements in ascending
order, left to right.
For concreteness, then, variation (5)
∫
dtδz14z˙1j〈〈F4j(z1)〉〉 =
∫
dtδz14z˙1jΘ4j (12)∫
dtδz1j(〈〈F4j(z1)〉〉+ z˙1i〈〈Fij(z1)〉〉) =
∫
dtδz1j(Θ4j + z˙1iΘij)
leads to
〈〈F0j(z1)〉〉 = Θ0j + (z˙
2
1
rˆj − z˙1j z˙1irˆi)f
′
1
(r) + (z˙1iz˙2irˆj − z˙2j z˙1irˆi)f
′
2
(r)
〈〈Fij(z1)〉〉 = Θij + (rˆiz˙1j − rˆj z˙1i)f
′
1
(r) + (rˆiz˙2j − rˆj z˙2i)f
′
2
(r) (13)
yielding when installed into (3) the spin-orbit potentials
V ′
1
(r) = f ′
1
(r)− β
∫
dτ
∫ r
0
dλ
(
1−
λ
r
)
D(τ 2 + λ2) (14)
V ′
2
(r) = −f ′
2
(r) + β
∫
dτ
[∫ r
0
dλ
λ
r
D(τ 2 + λ2) +
r
2
D1(τ
2 + r2)
]
for arbitrary functions (f ′
1
, f ′
2
). I.e., solutions (13) and (14) satisfy variation (5),
yet leaves the spin-orbit Hamiltonian Vso entirely unspecified. This claim may be
verified by direct substitution of (13) into (5)and (13) into (3).
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3 specification of the svm Wilson loop expecta-
tion values
We now revisit the spin-orbit Hamiltonian derivation beginning again from (5). As in
ref[11], additional constraints are found from the functional expansion of the model’s
defining statement in orders of heavy quark velocity. Accordingly, definition (4) is
expanded
ı lnW ≃
∫
dtdt′
{
V 0(r, r′) + (z˙1i + z˙2i)V
α
i (r, r
′) (15)
+(z˙1iz˙
′
1j + z˙2iz˙
′
2j)V
β
ij (r, r
′) + (z˙1iz˙
′
2j + z˙2iz˙
′
1j)V
γ
ij (r, r
′)
}
.
which on the O(v2) approximation
r′i ≈ ri − r˙iτ + r¨iτ
2/2 , τ = t− t′ (16)
yields
ı lnW ≃
∫
dt
{
V0(r) + (z˙
2
1
+ z˙2
2
)Va(r) + z˙1 · z˙2Vb(r) (17)
+[(z˙1 · rˆ)
2 + (z˙2 · rˆ)
2]Vc(r) + (z˙1 · rˆ)(z˙2 · rˆ)Vd(r)
}
.
for functions V α, V β, V γ, V0, Va, Vb, Vc, Vd to be determined. Equation (15) leads to
( see appendix )
〈〈Fij(z1)〉〉 = β(z˙1jri − z˙1irj)
∫
dτ
∫ r
0
dλ
1
r
(
1−
λ
r
)
D(τ 2 + λ2) (18)
+β(z˙2jri − z˙2irj)
∫
dτ
{∫ r
0
dλ
λ
r2
D(τ 2 + λ2) +
1
2
D1(τ
2 + r2)
}
,
and for the spin-independent potentials of (17) we find upon application of (16) (see
appendix)
V0(r) = β
∫
dτ
∫ r
0
dλ
[
(r − λ)D(τ 2 + λ2) +
λ
2
D1(τ
2 + λ2)
]
(19)
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Va(r) = −β
∫
dτ
∫ r
0
dλ
[(
r
6
−
λ
4
+
λ3
12r2
+
λτ 2
2r2
−
τ 2
2r
)
D(τ 2 + λ2)
+
(
λ
8
−
λ2
4r
+
λ3
8r2
−
λτ 2
4r2
+
τ 2
4r
)
D1(τ
2 + λ2)
]
(20)
Vb(r) = −β
∫
dτ
∫ r
0
dλ
[(
r
6
−
λ3
6r2
−
λτ 2
r2
+
τ 2
r
)
D(τ 2 + λ2)
+
(
λ2
2r
−
λ3
4r2
+
λτ 2
2r2
−
τ 2
2r
)
D1(τ
2 + λ2)
]
(21)
Vc(r) = −β
∫
dτ
∫ r
0
dλ
[(
−
r
6
+
λ2
2r
−
λ3
3r2
)
D(τ 2 + λ2)
]
(22)
Vd(r) = −β
∫
dτ
[ ∫ r
0
dλ
(
−
r
6
−
λ2
r
+
2λ3
3r2
)
D(τ 2 + λ2)−
r2
4
D1(τ
2 + r2)
]
(23)
A couple observations: The ev of (18) follow from strict independence of operators
(r, v) in the order expansion (15). The independence is relaxed in the O(v2) evalu-
ation (16) that leads to spin-independent potentials (19) - (23). This explains the
discrepancy between ev (18) and the one obtained in an earlier effort by the present
author [16] where instead the ev are derived improperly from expansion (17). We
note that as (18) is identical with (7) it yields upon insertion into (3) the spin-orbit
potentials (8) that satisfy relation (9). However, only incidentally [13]. We also note
that in the long-range regime the spin-independent interaction, (19) - (23), agrees
with minimum area or flux-tube asymtotics [5, 11]
Vsi → −
1
6
a
L2
r
(
1
m21
+
1
m21
−
1
m1m2
)
, (24)
a ≡ β
∫
dτ
∫ r
0
dλD(τ 2 + λ2) .
This too is a correction to the aforementioned earlier effort where in the correspond-
ing equation (17) the relation
z˙2Euclidean = −z˙
2
Minkowskian (25)
is overlooked. In ref.[8] a spin independent Hamiltonian reduction of the svm to
O(v2) is carried out. The apparent disagreement with potentials (19) - (23) is due
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to the use of a partial integration scheme slightly different from the one applied
here. The two results are equivalent.
4 appendix
From the functional identities
δξ(t)
δξ(t′)
= δ(t− t′) (26)
δf(ξ) = δξ (
∂
∂ξ
f(ξ)) (27)
the Taylor function and functional expansions are carried out to O(v2)
f(z˙1, z˙2) = f(0) + z˙
i
1
∫
dt′
(
δ
δz˙i1
f(z˙′
1
, z˙2)
)
0
+ z˙i
2
∫
dt′
(
δ
δz˙i2
f(z˙1, z˙
′
2
)
)
0
+
1
2
z˙i
1
z˙j1
∫ ∫
dt′dt′′
(
δ
δz˙i1
δ
δz˙′j1
f(z˙′′
1
, z˙2)
)
0
+
1
2
z˙i
2
z˙j2
∫ ∫
dt′dt′′
(
δ
δz˙i2
δ
δz˙′j2
f(z˙1, z˙
′′
2
)
)
0
+z˙i
1
z˙j2
∫ ∫
dt′dt′′
(
δ
δz˙i1
δ
δz˙j2
f(z˙′
1
, z˙′′
2
)
)
0
+ h.o. (28)
F [z˙1, z˙2] = F [0] +
∫
dtz˙i
1
(
δ
δz˙i1
F [z˙′
1
, z˙2]
)
0
+
∫
dtz˙i
2
(
δ
δz˙i2
F [z˙1, z˙
′
2
]
)
0
+
1
2
∫ ∫
dtdt′z˙i
1
z˙j′1
(
δ
δz˙i1
δ
δz˙′j1
F [z˙′′
1
, z˙2]
)
0
+
1
2
∫ ∫
dtdt′z˙i
2
z˙j′2
(
δ
δz˙i2
δ
δz˙′j2
F [z˙1, z˙
′′
2
]
)
0
+
∫ ∫
dtdt′z˙i
1
z˙j2
(
δ
δz˙i1
δ
δz˙j2
F [z˙′
1
, z˙′′
2
]
)
0
+ h.o. (29)
where primes indicate time dependence, e.g., ξ′ = ξ(t′) , and subscript “ 0” means
evaluation at z˙1 = z˙2 = 0. The spatial field tensor Wilson loop expectation value to
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first order is then
〈〈Fij(z1)〉〉 = 〈〈Fij〉〉0 + z˙1k
∫
dt′
(
δ
δz˙1k
〈〈Fij〉〉
′
)
0
+ z˙2k
∫
dt′
(
δ
δz˙2k
〈〈Fij〉〉
′
)
0
= 〈〈∂iAj〉〉0 − 〈〈∂jAi〉〉0
+z˙1k
∫
dt′
(
δ
δz˙1k
〈〈∂iAj〉〉
′
1
−
δ
δz˙1k
〈〈∂jAi〉〉
′
1
)
0
+z˙2k
∫
dt′
(
δ
δz˙2k
〈〈∂iAj〉〉
′
1
−
δ
δz˙2k
〈〈∂jAi〉〉
′
1
)
0
. (30)
To find the above rhs we expand both sides of the svm, (4), to O(v2)
ı lnW ≃ ı lnW0 −
∫
dt (z˙1i〈〈Ai(z1)〉〉0 + z˙2i〈〈Ai(z2)〉〉0)
−
1
2
∫
dtdt′
[
z˙2iz˙
′
1j
(
δ
δz˙2j
〈〈Aj(z1)〉〉
′
)
0
− z˙1iz˙
′
2j
(
δ
δz˙1i
〈〈Aj(z2)〉〉
′
)
0
]
−
1
2
∫
dtdt′
[
z˙1iz˙
′
1j
(
δ
δz˙1i
〈〈Aj(z1)〉〉
′
)
0
− z˙2iz˙
′
2j
(
δ
δz˙2i
〈〈Aj(z2)〉〉
′
)
0
]
=
∫
dtdt′
{
V 0(r, r′) + (z˙1i + z˙2i)V
α
i (r, r
′)
+(z˙1iz˙
′
1j + z˙2iz˙
′
2j)V
β
ij (r, r
′) + (z˙1iz˙
′
2j + z˙2iz˙
′
1j)V
γ
ij (r, r
′)
}
(31)
where we find
V αi = −iβ
∫
1
0
dsds′s(ωirjr
′
j − ωjrjr
′
i)τ
∂
∂τ 2
D1 (32)
V βij = −i
β
2
∫
1
0
dsds′ss′
{
(δijrkr
′
k − r
′
irj)(D +D1) (33)
×[ωkωlrkr
′
lδij + ωiωjrkr
′
k − ωiωkrjr
′
k − ωjωkrkr
′
i]
∂
∂τ 2
D1
}
V γij = −i
β
2
∫
1
0
dsds′(1− s)s′
{
(δijrkr
′
k − r
′
irj)(D +D1) (34)
×[ωkωlrkr
′
lδij + ωiωjrkr
′
k − ωiωkrjr
′
k − ωjωkrkr
′
i]
∂
∂τ 2
D1
}
and where
δ
δz˙1j
ı lnW =
δ
δz˙1j
ı ln
1
3
〈trP exp[ıg
∫
dt′(A0 + z˙iAi)]〉
10
= −〈〈Aj(z1)〉〉 (35)
has been used. From this follows (equating velocity coefficients)
〈〈Ai(z1)〉〉0 = −
∫
dt′V αi (r, r
′)
∫
dt′
(
δ
δz˙1i
〈〈Aj(z1)〉〉
′
)
0
= −2
∫
dt′V βij (r, r
′)
∫
dt′
(
δ
δz˙2i
〈〈Aj(z1)〉〉
′
)
0
= −2
∫
dt′V γij (r, r
′) . (36)
This result installed into (30) yields the ev (18) upon performing the indicated
differentiations.
For the spin-independent Hamiltonian we make the further O(v2) reduction on
the rhs of (31)
r′i ≃ ri − r˙iτ + r¨iτ
2/2
D(ω2) ≃
(
1 +Oii
∂
∂τ 2
+O2ii
∂
∂τ 2
∂
∂τ 2
/2
)
D(τ 2 + λ2r2) (37)
where
Oij ≡ λτ(riv˙j + rj v˙i) + τ
2v˙iv˙j − λτ
2(riv¨j + rj v¨i)/2
ui = sz1i + (1− s)z2i
vi = s
′z1i + (1− s
′)z2i
λ ≡ s− s′ , τ ≡ t− t′ (38)
which leads from (31) to the spin-independent potentials (19) - (23) upon performing
the necessary summations and partial integrations.
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